Nonreciprocal circuit elements form an integral part of modern measurement and communication systems. Mathematically they require breaking of time-reversal symmetry, typically achieved using magnetic materials [1] and more recently using the quantum Hall effect [2], parametric permittivity modulation [3] or Josephson nonlinearities [4, 5] . Here, we demonstrate an on-chip magnetic-free circulator based on reservoir engineered optomechanical interactions [6, 7] . Directional circulation is achieved with controlled phase-sensitive interference of six distinct electro-mechanical signal conversion paths. The presented circulator is compact, its silicon-oninsulator platform is compatible with both superconducting qubits [8] and silicon photonics, and its noise performance is close to the quantum limit. With a high dynamic range, a tunable bandwidth of up to 30 MHz and an in-situ reconfigurability as beam splitter or wavelength converter [9, 10] , it could pave the way for superconducting qubit processors with multiplexed on-chip signal processing and readout.
conversion [19, 20] and amplification [21] . Very recently, several theoretical proposals [6, 22, 23] have pointed out that optomechanical systems can lead to nonreciprocity and first isolators have just been demonstrated in the optical domain [24] [25] [26] . Here, we present an on-chip microwave circulator using a new and tunable silicon electromechanical system.
The main elements of the microchip circulator device are shown in Fig. 1 a-b. The circuit is comprised of three high-impedance spiral inductors (L i ) capacitively coupled to the in-plane vibrational modes of a dielectric nanostring mechanical resonator. The nanostring oscillator consists of two thin silicon beams that are connected by two symmetric tethers and fabricated from a high resistivity silicon-on-insulator device layer [27] . Four aluminum electrodes are aligned and evaporated on top of the two nanostrings, forming one half of the vacuum gap capacitors that are coupled to three microwave resonators and one DC voltage bias line as shown schematically in Fig. 1c (see App. A for details).
The voltage bias line can be used to generate an attractive force which pulls the nanobeam and tunes the operating point frequencies of the device [9] . Fig. 1 d shows the measured resonance frequency change as a function of the applied bias voltage V dc . As expected, resonators 1 and 3 are tuned to higher frequency due to an increased vacuum gap while resonator 2 is tuned to lower frequency. A large tunable bandwidth of up to 30 MHz as obtained for resonator 2, the ability to excite the motion directly and to modulate the electromechanical coupling in-situ represents an important step towards new optomechanical experiments and more practicable on-chip reciprocal and nonreciprocal devices.
As a first step we carefully calibrate and characterize the individual electromechanical couplings and noise properties. We then measure the bidirectional frequency conversion between two microwave resonator modes as mediated by one mechanical mode [10] . The incoming signal photons can also be distributed to two ports with varying probability as a function of the parametric drive strength and in direct analogy to a tunable beam splitter. We present the experimental results, the relevant sample parameters and the theoretical analysis of this bidirectional frequency conversion process in App. B.
Directionality is achieved by engaging the second mechanical mode, a method which was developed in parallel to this work [28, 29] for demonstrating nonreciproc- The input modes ai,in couple inductively to the microwave resonators with inductances Li, coil capacitances Ci, additional stray capacitances Cs,i, and the motional capacitances Cm,i. The reflected tones ai,out pass through a separate chain of amplifiers each, and are measured at room temperature using a phase locked spectrum analyzer (not shown). The simulated displacement of the lowest frequency in-plane flexural modes of the nanostring are shown in the two insets. d, Resonator reflection measurement of the three microwave resonators of an identical device, as a function of the applied bias voltage and a fit (dashed lines) to ∆ω = α1V 2 + α2V 4 with the tunabilties α1/2π = 0.53 MHz/V 2 and α2/2π = 0.05 MHz/V 4 with a total tunable bandwidth of 30 MHz for resonator 2 at 9.8 GHz.
ity in single-port electromechanical systems. We begin with the theoretical model describing two microwave cavities with resonance frequencies ω i and total linewidths κ i with i = 1, 2 parametrically coupled to two distinct modes of a mechanical resonator with resonance frequencies ω m,j and damping rates γ m,j with j = 1, 2. To establish the parametric coupling, we apply four microwave tones, with frequencies detuned by δ j from the lower motional sidebands of the resonances, as shown in Fig. 2a . In a reference frame rotating at the frequencies ω i and ω m,j +δ j , the linearized Hamiltonian in the resolved sideband regime (ω m,j κ 1 , κ 2 ) is given by (h = 1)
where a i (b j ) is the annihilation operator for the cavity i (mechanics j), G ij = g 0,ij √ n ij and g 0ij are the effective and vacuum electromechanical coupling rates between the mechanical mode j and cavity i respectively, while n ij is the total number of photons inside the cavity i due to the drive with detuning ∆ ij , and φ ij is the relative phase set by drives. Here, ∆ 11 = ∆ 21 = ω m,1 + δ 1 and ∆ 22 = ∆ 12 = ω m,2 + δ 2 are the detunings of the drive tones with respect to the cavities and H off describes the time dependent coupling of the mechanical modes to the cavity fields due to the off-resonant drive tones. These additional coupling terms create crossdamping [30] and renormalize the mechanical modes, and can only be neglected in the weak coupling regime for G ij , κ j ω j , |ω m,2 − ω m,1 |. To see how the nonreciprocity arises we use the quantum Langevin equations of motion along with the inputoutput theorem to express the scattering matrix S ij of the system described by the Hamiltonian (1), and relating the input photons a in,i (ω i ) at port i to the output photons a out,j (ω j ) at port j via a out,i = j=1,2 S ij a in,i with i = 1, 2. The dynamics of the four-mode system described by Hamiltonian (1) is fully captured by a set of linear equations of motion as verified in App. C. Solving these equations in the frequency domain, using the input-output relations, and setting φ 22 = φ, φ 11 = φ 21 = φ 12 = 0, the ratio of backward to forward transmission reads
(2) Here, Σ m,j = 1 + 2i (−1) j δ − ω /γ m,j is the inverse of the mechanical susceptibility divided by the mechanical linewidth γ m,j and C ij = 4G 2 ij /(κ i γ m,j ) is the optomechanical cooperativity. Note that, in Eq. (2) we assume the device satisfies the impedance matching condition on resonance i.e. S ii (ω = 0) = 0 which can be achieved in the high cooperativity limit (C ij 1). Inspection of equation (2) reveals the crucial role of the relative phase between the drive tones φ and the detuning δ to obtain nonreciprocal transmission. When the cooperativities for all four optomechanical couplings are equal (C ij = C) then perfect isolation, i.e. λ = 0, occurs for
Equation 3 shows that on resonance (ω = 0) tan[φ] ∝ δ, highlighting the importance of the detuning δ to obtain nonreciprocity. Tuning all four drives to the exact red sideband frequencies (δ = 0) results in bidirectional behavior (λ = 1). At the optimum phase φ given by Eq. (3), ω = 0, and for two mechanical modes with identical decay rates (γ m,1 = γ m,2 = γ) the transmission in forward direction is given by where η 1(2) = κ ext,1(2) /κ 1(2) is the resonator coupling ratio and κ i = κ int,i + κ ext,i is the total damping rate. Here κ int,i denotes the internal loss rate and κ ext,i the loss rate due to the cavity to waveguide coupling. Equation (4) shows that the maximum of the transmission in forward direction,
, occurs when 2C = 1 + 4δ 2 /γ 2 and for large cooperativities C 1. These conditions, as implemented in our experiment, enable the observation of asymmetric frequency conversion with strong isolation in the backward direction and small insertion loss in forward direction.
Using the on-chip electromechanical microwave circuit shown in Fig. 1 a, 2 as a function of probe detuning for two different phases as set by one out of the four phase locked microwave drives. At φ = −102.6 degree and over a frequency range of 1.5 kHz we measure high transmission from cavity 1 to 2 with an insertion loss of 2.4 dB while in the backward direction the transmission is suppressed by up to 40.4 dB. Likewise, at the positive phase of φ = 102.6 degree the transmission from cavity 1 to 2 is suppressed while the transmission from cavity 2 to 1 is high. In both cases we observe excellent agreement with theory (solid lines). Fig. 2 c shows the S parameters for the whole range of phases φ, which are symmetric and bidirectional around φ = 0. We find excellent agreement with theory over the full range of measured phases with less than 10% deviation to independently calibrated drive photon numbers and without any other free parameters.
For bidirectional wavelength conversion, higher cooperativity enhances the bandwidth. In contrast, the bandwidth of the nonreciprocal conversion is independent of cooperativity and set only by the intrinsic mechanical linewidths γ m,i , which can be seen in Eq (2). This highlights the fact that the isolation appears when the entire signal energy is dissipated in the mechanical environment, a lossy bath that can be engineered effectively [7] . In the present case it is the off-resonant coupling between the resonators and the mechanical oscillator which modifies this bath. The applied drives create an effective interaction between the mechanical modes, where one mode acts as a reservoir for the other and vice versa. This changes both the damping rates and the eigenfrequencies of the mechanical modes. It therefore increases the instantaneous bandwidth of the conversion and automatically introduces the needed detuning, which is fully taken into account in the theory.
The described two-port isolator can be extended to an effective three-port device by parametrically coupling the third microwave resonator capacitively to the dielectric nanostring, as shown in Fig. 1 a. The third resonator at a resonance frequency of ω 3 /2π = 11.30 GHz is coupled to the waveguide with η 3 = 0.52 and to the two in-plane mechanical modes with (g 0,31 , g 0,32 )/2π = (22, 45) Hz. Similar to the isolator, we establish a parametric cou- pling between cavity and mechanical modes using six microwave pumps with frequencies slightly detuned from the lower motional sidebands of the resonances, which for certain pump phase combinations can operate as a threeport circulator for microwave photons, see Fig 3 a . Using an extra microwave source as probe signal, we measure the power transmission between all ports and directions as shown in Fig. 3 b for a single fixed phase of φ = −54 degree, optimized experimentally for forward circulation.
At this phase we see high transmission in the forward direction S 21,32,13 with an insertion loss of (3.8, 3.8, 4.4) dB and an isolation in the backward direction S 12,23,31 of up to (18.5, 23, 23) dB. The full dependence of the circulator scattering parameters on the drive phase is shown in Fig. 3 c where we see excellent agreement with theory. The added noise photon number of the device is found to be (n add,21 , n add,32 , n add,13 ) = (4, 6.5, 3.6) in the forward direction and (n add,12 , n add,23 , n add,31 ) = (4, 4, 5.5) in the backward direction, limited by the thermal occupation of the mechanical modes and discussed in more detail in App. D.
In conclusion, we realized a frequency tunable microwave isolator / circulator that is highly directional and operates with low loss and added noise. Improvements of the circuit properties will help increase the instantaneous bandwidth and further decrease the transmission losses of the device. The external voltage bias offers new ways to achieve directional amplification and squeezing of microwave fields in the near future. Direct integration with superconducting qubits should allow for on-chip single photon routing as a starting point for more compact circuit QED experiments. The electromechanical microwave circuit shown in Fig. 1 a, includes three high-impedance microwave spiral inductors (L i ) capacitively coupled to the in-plane vibrational modes of a dielectric nanostring mechanical resonator, creating three LC resonators with frequencies ω i = 1/ √ L i C i with i = 1, 2, 3. The nanostring resonator fabricated from a high resistivity smart-cut silicon-on-insulator wafer with 220 nm device layer thickness has a length of 9.4 µm and consists of two metalized beams that are connected with two tethers at their ends. The vacuum gap size for the mechanically compliant capacitor fabricated with an inverse shadow technique [31] is approximately 60 nm.
The electromechanical coupling between the nanostring mechanical resonator and each LC circuit is given by
where v is the amplitude coordinate of the in-plane mode,
CΣ,i is the participation ratio of the vacuum gap capacitance C m,i to the total capacitance of the circuit C Σ,i = C m,i + C s,i , where C s,i is the stray capacitance of the circuit including the intrinsic self-capacitance of the inductor coils. Eq. (A1) indicates that large electromechanical coupling g 0i requires a large participation ratio. We can make the coil capacitance C L,i relatively small by using a suspended and tightly wound rectangular spiral inductor with a wire width of 500 nm and wire-to-wire pitch of 1µm [32] . Knowing the inductances L i of the fabricated inductors based on modified Wheeler, as well as the actually measured resonance frequencies ω i along with vacuum-gap capacitance C m (from FEM simulations), we can find the total stray capacitance including the intrinsic self-capacitance of the each inductor coil correspondingly. Careful thermometry calibrated mechanical noise spectroscopy measurements similar to the ones in [32] yield the measured electromechanical coupling for each mode combination as outlined in the table below. We use finite-element method (FEM) numerical simulations to find the relevant in-plane mechanical modes of the structure and optimize their zero point displacement amplitudes and mechanical quality factor. Our simulations are consistent with the measured mechanical frequencies for a tensile stress of ∼600 MP in a ∼70 nm thick electron beam evaporated aluminum layer [33] . The associated effective mass and zero-point displacement amplitude along with the measured linewidths and resonance frequencies of the first two in-plane modes of the nanostring are presented in the To understand the optomechanical frequency conversion, we first theoretically model our system to see how frequency conversion arises. Figure 4 a shows an electromechanical system, in which two microwave cavities with resonance frequencies ω 1 and ω 2 and linewidths κ 1 and κ 2 are coupled to a mechanical oscillator with frequency ω m and damping rate γ. The electromechanical coupling is driven by two strong drive fields, E 1 and E 2 , near the red sideband of the respective microwave modes at ω d,1(2) = ω 1(2) − ω m , see Fig. 4 b. In the resolved-sideband limit (ω m κ 1(2) , γ) the linearized electromechanical Hamiltonian in the rotating frames with respect to the external driving fields is given by (h = 1)
where a 1(2) is the annihilation operator for the microwave signal field 1 (microwave signal field 2), b is the annihilation operator of the mechanical mode, ∆ 1(2) = ω 1(2) − ω d1(2) = ω m is the detuning between the external driving field and the relevant cavity resonance, and G i = g 0i √ n i is the effective electromechanical coupling rate between the Two microwave cavities C1 and C2 are parametrically coupled to a mechanical mode with coupling rates G1 and G2, which gives rise to frequency conversion between the two microwave cavities. b, Power spectral densities (PSD) of the mechanical mode and microwave cavities and the drive tone frequencies indicated with vertical arrows near the red sidebands of the microwave modes at ω d,1(2) = ω 1(2) − ωm. c, Experimental demonstration (dots) and theoretical prediction (solid lines) of the frequency conversion between two microwave cavities at resonance frequencies (ω1, ω2)/2π = (9.55, 9.82) GHz as a function of cooperativity C2 for C1 = 95. Here, |T | 2 = |S12| · |S21| (yellow dots), |S11| 2 (red dots) and |S22| 2 (blue dots) demonstrate the magnitude of the transmission and reflection coefficients on resonance with the cavities, respectively. As predicted by Eq. (B2), the transmission between the two cavities is maximum for C1 = C2 ≈ 95. The inset shows the dynamic range of the device where the transmission coefficient is measured as function of the signal input power P signal or mean total number of signal photons inside the microwave cavities n signal .
mechanical resonator and cavity i with
being the total number of photons inside the cavity. Note that, the fast-oscillating counter-rotating terms at ±2ω m are omitted from the Hamiltonian under the rotating wave approximation.
The first and second terms of Hamiltonian (B1) describe the free energy of the mechanical and cavity modes while the last term of the Hamiltonian indicates a beam splitter-like interaction between mechanical degree of freedom and microwave cavity modes. In fact this term allows both optomechanical cooling (with rate Γ i = 4G 2 i /κ i ) and bidirectional photon conversion between two distinct microwave frequencies. In the photon conversion process, first an input microwave signal at frequency ω 1 with amplitude a in,1 (ω 1 ) is down-converted into the mechanical mode at frequency ω m , i.e. a 1 (ω 1 )
Next, during an up-conversion process the mechanical mode transfers its energy to the output of the other microwave cavity at frequency ω 2 and amplitude a out,2 (ω 2 ), i.e. b(ω m )
−−−−→ a 2 (ω 2 ). Likewise, an input microwave signal at frequency ω 2 can be converted to frequency ω 1 by reversing the conversion process. In fact, the Hermitian aspect of the Hamiltonian (B1) makes the conversion process bidirectional and holds the time-reversal symmetry.
The photon conversion efficiency, which is defined as the ratio of the output-signal photon flux over the input-signal photon flux, is given by |S 21 | 2 = a out,2(ω 2 ) a in,1(ω 1 )
2
. Since the conversion process is bidirectional therefore |S 21 | = |S 12 | = |T |. In the steady state and in the weak coupling regime the conversion efficiency reduces to
where
is the electromechanical cooperativity for cavity 1 (2) and η 1(2) =
is the output coupling ratio in which κ i = κ int,i + κ ext,i is the total damping rate while κ int,i and κ ext,i show the intrinsic and extrinsic decay rate of the microwave cavities, respectively. Likewise, the reflection coefficients due to impedance mismatch are given by
Note that for the lossless microwave cavities (η i = 1), near unity photon conversion can be achieved in the limit that C 1 = C 2 = C and C 1. The former condition balances the photon-phonon conversion rate for each cavity while the later condition guarantees the mechanical damping rate γ m is much weaker than the damping rates Γ i = γ m C i . Under these two conditions, the ideal photon conversion is achieved i.e. |T | 2 = 1 (perfect transmission) and |S 11 | 2 = |S 22 | 2 = 0 (no reflection). The denominator of Eq. (B2) indicates that the bandwidth of the conversion is given by Γ T = γ m + Γ 1 + Γ 2 , which is the total back-action-damped linewidth of the mechanical resonator in the presence of the two microwave drive fields.
We perform coherent microwave frequency conversion using the intermediate nanostring resonator as a coupling element between two superconducting coil resonators at ω 1 /2π = 9.55 GHz and ω 2 /2π = 9.82 GHz as shown in Fig 1 a. The microwave cavities are accessible by ports", i.e. semi-infinite transmission lines giving the modes finite energy decay rates leading to the cavity linewidths κ 1 /2π = 2.42 MHz and κ 2 /2π = 1.98 MHz with associated output coupling ratios η 1 = 0.74 and η 2 = 0.86, indicating that both cavities are strongly overcoupled to the two distinct physical ports 1 and 2. The fundamental mode of the mechanical oscillator has a resonance frequency of ω m /2π = 4.34MHz with the corresponding damping rate of γ m /2π = 4Hz. Measuring the mechanical resonator noise spectrum along with the off-resonant reflection coefficients of each cavity and measurement line, we calibrate the gain and attenuation in each input-output line and accurately back out the vacuum optomechanical coupling rate for each cavity of g 01 /2π = 33Hz and g 02 /2π = 13Hz. In this section we present a general theory to describe the nonreciprocal behavior of our on-chip electromechanical transducer, shown in Fig 1a of the main paper. We begin with an optomechanical system comprised of three microwave cavities with frequencies ω i and linewidths κ i where i = 1, 2, 3 that are coupled to two vibrational modes of a mechanical oscillator with frequencies ω m.i and damping rates γ m,i where i = 1, 2. To tune a desired coupling into resonance, we assume the cavities are coherently driven with six microwave tones, with frequencies detuned from the lower motional sidebands of the resonances by δ 0,i . The Hamiltonian of the system is (h = 1) [34] 
where a i is the annihilation operator for the cavity i, b j is the annihilation operator of the mechanical mode j, and
describes the Hamiltonian of the pumps with amplitude E ij = E * ij , frequency ω d,ij , and phase φ ij . We can linearize Hamiltonian (C1) by expanding the cavity modes around their steady-state field amplitudes,
is the mean number of photons inside the cavity i induced by the microwave pump due to driving mechanical mode j, the κ i = κ int,i + κ ext,i is the total damping rate of the cavity while κ int,i and κ ext,i show the intrinsic and extrinsic decay rate of the microwave cavities, respectively. Here, ∆ ij = ω i − ω d,ij is the detuning of the drive tone with respect to cavity i. In the rotating frame with respect to
By setting the effective cavity detunings so that ∆ 11 = ∆ 21 = ∆ 31 = ω m,1 + δ 0,1 and ∆ 12 = ∆ 22 = ∆ 32 = ω m,2 + δ 0,2 and neglecting the terms rotating at ±2ω m,1(2) and ω m,1 + ω m,2 , the above Hamiltonian reduces to
where G ij = g 0,ij |α ij |e −iφij is the effective coupling rate between the mechanical mode j and cavity i and H off describes off-resonant/time dependent interaction between mechanical modes and the cavity fields, and it is given by
where δω m = ω m,2 − ω m,1 + δ 0,2 − δ 0,1 and we define following off-resonant optomechanical coupling parameters
The off-resonant Hamiltonian (C5) has an essential role in the nonreciprocity aspect of our device, therefore, it is important to discuss the physical roots of such off-resonant couplings [30, 35] . Inspection of Hamiltonians (C4) and (C5) reveals that each drive tone generates two different types of interactions: Resonant coupling in which the drive tone couples a single mechanical mode to a single cavity mode, described by the time-independent part of the Hamiltonian (C4). Each drive tone also generates an interaction which couples the other mechanical mode to the cavity off-resonantly. The Hamiltonians (C5) explain this off-resonant coupling between cavity fields and mechanical modes. As we will see, these off-resonant couplings alter the mechanical damping rate, which changes the isolation bandwidth and also cools the mechanical modes. In addition, the coupling also introduces mechanical frequency shifts and introduces an effective detuning for the drive tones. Note that, within the rotating wave approximation (RWA) the non-resonant/time-dependent components of the effective linearized interactions can be neglected in the weak coupling regime and when the cavity decay rates κ i are much smaller than the two mechanical frequencies ω m,i and their difference
Finally, we note that for the isolator case we deal with two cavities coupled two mechanical modes, which mathematically is equivalent to set G 31 = G 32 = F 31 = F 32 = 0 in our general model. In this special case, the Hamiltonian (C4) reduces to the Hamiltonian (1) presented in the paper
with
Equations of motion and effective model
The full quantum treatment of the system can be given in terms of the quantum Langevin equations where we add to the Heisenberg equations the quantum noise acting on the mechanical resonators b in,i with damping rates γ i as well as the cavities input fluctuations a in,i with damping rates κ ext,i . The resulting Langevin equations, including the off-resonate terms, for the cavity modes and mechanical resonators arė
where i = 1, 2, 3 and j = 1, 2. In order to study the dynamics of the system we solve the time-dependent quantum Langevin equations (C10). We use an iterative method to solve these equations by defining a new set of auxiliary operators (toy modes) and cutting the iteration sequence at higher order dependence to O(n δω m ; δω n m ) with n ≥ 2, which yieldṡ
where i = 1, 2, 3. The auxiliary modes A ± i = a i e ±iδωmt , B 1 = b 1 e iδωmt and B 2 = b 2 e −iδωmt describe the off-resonant components of the equations of motion. Here, we take δω m to be much larger than the relevant system frequencies, i.e. δω m γ m,i , δ 0,i , ω, and can thus adiabatically eliminate the auxiliary modes by takingḂ j =Ȧ ± i = 0 in Eqs. (C11), which results in the following equations for the auxiliary modes
In the limit of δω m → ∞, the contribution of all auxiliary modes can be totally neglected in the dynamics of the system, i.e. {B j , A ± i } → 0. In this case the off-resonant interactions between the mechanical modes and cavities are negligible and we can safely ignore the time-dependent components of the Hamiltonian (i.e. H off = 0). However, in our system due to finite value of δω m ≈ κ i /2, we cannot ignore these off-resonant interactions. We can simply further the equations of motion for the main modes by substituting Eqs. (C12) into the equations of motion for a i and b j in Eqs. (C11) and assuming δω m , κ i |δ 0,j |, γ m,j , |G ij |, |F ij | ,
where δ j and Γ m,j are the effective detuning and damping rates of the mechanical modes, respectively, and they are given by
Note that in the derivation of Eqs. (C13) we assume that the off-resonant interaction does not considerably modify the self-interaction and damping rate of the cavity modes. Inspection of Eqs. (C13) reveals that the off-resonant coupling between mechanical modes and cavities shifts the resonance frequency and damps/cools the mechanical modes by introducing a cross-damping between them. The strength of the frequency shift and the cross-damping is given by the off-resonant optomechanical coupling parameters F ij , which indicates that the drive tones creates an effective coupling between the two mechanical modes. In the weak coupling regime and for very large δω m this cross-coupling is negligible, thus δ j ≈ δ 0,j and Γ m,j ≈ γ m,j . We can solve the Eqs. (C13) in the Fourier domain to obtain the microwave cavities' variables. Eliminating the mechanical degrees of freedom from the equations of motion (C13) and writing the remaining equations in the matrix form, we obtain
By substituting the solutions of Eq. (C15) into the corresponding input-output formula for the cavities variables, i.e. a out,j = √ κ ext,j a j − a in,j , we obtain
where we defined T = Diag
3. Scattering matrix and nonreciprocity for a two-port device
In this section, we verify the details of our analysis in the isolator section of the main paper and we examine our model to see how the nonreciprocity arises in a two-port electromechanical system. Here, we are only interested in the response an electromechanical system comprised of two microwave cavities and two mechanical modes. Therefore, by setting G 3j → 0 and δ 1 = −δ 2 = δ in Eq. (C16) and assuming φ 22 = φ, φ 11 = φ 12 = φ 21 = 0, we can find the ratio of backward to forward transmission 
as specified in Eq. (2) of the paper. Here, Σ m,j = 1 + 2i (−1) j δ − ω /Γ m,j is the inverse of the mechanical susceptibility divided by the effective mechanical linewidth Γ m,j . Examination of Eq. (C17) shows that the nominator and denominator of this equation are not equal and they possess different relative phase. This asymmetry is the main source of the nonreciprocity and appearance of isolation in the system. In particular, at a phase 
By neglecting the contribution of the off-resonant term in the response of the system, i.e. Γ m,j → γ m,j the Eq. (C19) reduces to Eq. (3) of the paper. At the optimum phase (C18) and at cavity resonance, the transmission in the forward direction is given by ) 2 (C20)
as specified in Eq. (4) of the paper. For the particular cooperativity 2C = 1 + 4δ 2 /Γ 2 , the power transmission in forward direction is given by
By neglecting the off-resonant interaction all damping rates reduce to Γ m,j ≈ γ m,j which is consistent with our notation in the main text. We also note that the frequency shifts due to off-resonant interaction for the isolator system discussed in the main text are given by (δ 1 , δ 2 )/2π = (−84, 233) Hz while the cross-damping rates are (Γ m,1 , Γ m,2 )/2π = (190, 407) Hz.
Theoretical model for the circulator
The theoretical model, we presented in Eqs. (C11), or equivalently Eq. (C16), fully describes the nonreciprocal behavior of the system for the case of the circulator. In order to check this, in Fig. 5 we show both measured experimental data and the theoretical prediction. The theoretical model is in excellent agreement with the experiment and can perfectly describe the nonreciprocity of photon transmission for both forward and backward circulation. 
